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Abstract

Motivated by psychological evidence that attention is a scarce cognitive resource, we model
investors’ attention allocation in learning and study the effects of this on asset-price dynamics. We
show that limited investor attention leads to category-learning behavior, i.e., investors tend to
process more market and sector-wide information than firm-specific information. This endogenous
structure of information, when combined with investor overconfidence, generates important features
observed in return comovement that are otherwise difficult to explain with standard rational
expectations models. Our model also demonstrates new cross-sectional implications for return
predictability.
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1. Introduction

Standard asset-pricing models are typically based on the assumption that markets distill
new information with lightning speed and that they provide the best possible estimate of all
asset values. In reality, such distillation and estimation requires investors’ close attention
to processing information and to incorporating this knowledge into their decisions. Several
recent studies suggest that investor attention could play an important role in determining
asset prices. Important news or information is not reflected by prices until investors pay
attention to it." Despite the growing empirical evidence, little formal analysis has been
done on this issue. In this paper, we study the effects of investor attention on asset-price
dynamics.

We emphasize that attention is a scarce cognitive resource (Kahneman, 1973). Attention
to one task necessarily requires a substitution of cognitive resources from other tasks.
When it comes to investment decisions, given the vast amount of information available and
the inevitability of limited attention, investors have to be selective in information
processing.

We consider a discrete-time model with an infinite number of periods. There are multiple
risky assets and one risk-free asset in the economy. The risk-free asset offers a constant rate
of return. The dividend payoff of each risky asset is determined by a linear combination of
three unobservable random factors with independent Gaussian distributions: market,
sector, and firm-specific.

We study the learning process of a representative investor who has limited attention.
Facing unobservable fundamental factors in her portfolio, the investor processes
information to infer their values. We view this representative investor as one of many
retail investors in the stock market who face similar uncertainty in their portfolios. They
access similar information sources, such as newspapers, analyst reports, and media
coverage. These investors are also subject to similar attention constraints and behavioral
biases in information processing.

We model the investor’s learning process as follows. The investor first generates a vector
of signals through information processing. This process is affected by the investor’s
attention constraint and her attention allocation. We adopt the entropy concept from
information theory to measure information and impose the attention constraint as the
maximum amount of information that the investor can process each period. Given the
multiple sources of uncertainty, the investor optimally allocates her attention across them.
As the investor allocates more attention to a factor, she processes more information.
After gathering the signals, the investor then incorporates them into her beliefs through
Bayesian updating.

"Huberman and Regev (2001) provide a vivid example. The publication of an article in the New York Times
about a new cancer-curing drug from EntreMed attracted great public attention and generated a daily return of
more than 300% in its stocks, even though the same story had already been published more than five months
earlier in Nature and other newspapers. Hirshleifer et al. (2004) show that investors sometimes ignore useful
information in firms’ financial statements. Hong et al. (2005) and Hou and Moskowitz (2005) find delays in stock
prices’ reactions to information contained in prices of other securities. Della Vigna and Pollett (2003) show that
stock prices do not fully incorporate demographic information that is publicly available. Furthermore, Corwin
and Coughenour (2005) provide evidence that the limited attention of NYSE specialists affects execution quality
(price improvement and transaction cost) in securities that they are responsible for.
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To maximize her expected lifetime utility, the investor optimally makes her consumption
decisions based on her beliefs about fundamental factors. An exponential utility function
and Gaussian distributions for all variables allow a linear equilibrium, in which asset prices
are determined through the pricing kernel determined by the investor’s marginal utility of
consumption. In the equilibrium, the investor allocates attention across fundamental
factors to reduce the total uncertainty of her portfolio while asset prices fluctuate as the
investor updates her beliefs based on the processed information. In this way, the investor’s
attention allocation affects the asset-price dynamics.

Our model shows that limited attention leads to category-learning behavior, that is, an
attention-constrained investor tends to allocate more attention to market- and sector-level
factors than to firm-specific factors. In severely constrained cases, the investor allocates all
attention to market- and sector-level information and ignores all the firm-specific data. For
instance, during the Internet bubble period, firms that had changed to dot.com names
without any fundamental changes in strategies earned significant abnormal returns around
their name-change announcements (Cooper et al., 2001). This example shows how
inattentive investors could be to firm-specific information.

The endogenous information structure derived from investors’ attention allocation is
particularly useful in studying the interaction between investors’ attention and their biased
reactions to information. Several recent studies suggest that biased reactions to information
provide helpful insights in understanding many empirical anomalies that have been
discovered over the past two decades.? Because biased reactions occur only when investors
attend to certain pieces of information or ignore others, the attention allocation decisions
studied in our model determine the cross-sectional patterns of these biased reactions.

We give special consideration to one specific form of investor bias, overconfidence.
Experimental studies have shown that the trait of overconfidence is particularly severe in
those faced with diffuse tasks that require difficult judgments but provide only noisy and
delayed feedback (see Einhoen, 1980). The fundamental valuation of financial securities is
a good example of this type of difficult task, one that becomes even more challenging when
investors have limited attention. We model overconfidence as the investor’s exaggeration
of her information-processing ability. As a result, the investor overestimates the precision
of her information, in a way consistent with other overconfidence models in the literature.’

Our model captures three features of asset-return comovement observed by recent
empirical studies. First, return correlations between firms can be higher than their
fundamental correlations. This result is generated by the interaction of the investor’s
category-learning behavior (her tendency to processing more market- and sector-level
information) with her overreaction to the processed information. This result is supported
by the empirical studies of Shiller (1989) and Pindyck and Rotemberg (1993) on the
comovement between UK and US stock markets and the comovement of individual US
stocks.

2See Hirshleifer (2001) and Barberis and Thaler (2003) for recent reviews of this literature. For example, in
explaining overreaction and underreaction of stock prices in different situations, Daniel et al. (1998) analyze
overconfidence and self-attribution bias in investors’ responses to information, while Barberis et al. (1998)
consider investor representativeness and conservatism. Along another line, Hong and Stein (1999) and Hirshleifer
and Teoh (2004) analyze models in which some useful public information is either ignored or only gradually
recognized by investors.

3See, for example, Kyle and Wang (1997), Daniel et al. (1998), Odean (1998), Bernardo and Welch (2001),
Gervais and Odean (2001), and Scheinkman and Xiong (2003).
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Second, our model shows that, across different sectors, a negative relation exists between
the average return correlation of firms in a sector and their stock price informativeness.
For a sector with a higher information-processing efficiency, instead of treating the sector
as a category, the investor allocates relatively more attention to firm-specific information.
Consequently, the firms’ stock prices are more informative about their future
fundamentals, and their returns have relatively more firm-specific variation (or smaller
correlations). This result provides an explanation to the findings by Morck et al. (2000)
and Durnev et al. (2003) that stock returns are more informative about changes in future
earnings in industries or countries with less correlated stock returns.

Third, our model shows that, as information technology advances over time, investors’
attention constraints become less binding and they can allocate relatively more attention to
firm-specific information, thereby reducing return correlations. This result explains the
finding of Campbell et al. (2001), who show a decreasing trend in the return correlation of
US stocks over the last 30 years.

It may appear that our model’s implications for return comovement could also be
derived from a rational expectations model of costly information acquisition. However,
West (1988) analyzes a rational expectations model and shows that improved information
about future cash flows decreases return volatility. The basic intuition is that more
information only allows a rational investor to resolve uncertainty earlier but does not
increase the level of return variation. Thus, it is difficult for standard rational expectations
models to explain the empirical evidence on return comovement based on cross-sectional
difference and time-trend in information cost.

The investor’s attention allocation decisions also directly affect the cross-sectional
patterns of asset-return predictability. When the investor allocates more attention to
individual firms in a sector and processes more firm-specific information, there will be
more pronounced overreaction-driven predictability in firm-specific returns. In the
meantime, more firm-specific information processed leaves an ignored public signal less
valuable in predicting firms’ future returns. Because the investor’s attention allocation to
individual firms in a sector is negatively related to the average return correlation in the
sector, our model provides two new testable implications. On the one hand, after
controlling for the degree of investor overconfidence, firms in a sector with a lower average
return correlation tend to have more pronounced overreaction-driven return predictability
(e.g., long-run price reversals and short-term price momentum). On the other hand, an
ignored public signal (such as certain variables in firms’ financial statements) has less
predictive power for these firms’ returns.

The paper is organized as follows. Section 2 reviews the related studies on attention. We
introduce the model and derive the equilibrium in Section 3. Section 4 discusses the
investor’s category-learning behavior under attention constraints. In Section 5, we describe
the cross-sectional and time-series implications of our model for asset-return comovement.
Section 6 illustrates the implications of this on return predictability. Section 7 concludes.
The Appendix provides technical derivations and proofs.

2. Related studies on attention
A large body of psychological research exists on human attention. The studies suggest

that people’s ability to simultaneously perform different tasks depends on whether they
involve only perceptual analysis or more central cognitive analysis requiring memory
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retrieval and action planning. Although people can simultaneously handle multiple
perceptual tasks at times, such as typing while listening to music, psychological evidence
shows that overlap in the central cognitive operations of different tasks does not occur
successfully, except in a few special cases.

Pashler and Johnston (1998) summarize various supporting evidence that the central
cognitive-processing capacity of the human brain has its limits. The operation of human
brains is intuitively described by psychologists as similar to that of a single-processor
computer. Both deal with multiple tasks by working on one task at a time, alternating
between the tasks to respond to inputs in a timely fashion. The rate or efficiency of
processing for each task depends on the processing time the computer allocates to the task.
We adopt this basic concept to model information processing by investors.

Recent theoretical work in economics and finance has begun to explore some of the
consequences of limited investor attention. Hirshleifer and Teoh (2003) analyze firms’
choices between alternative methods for presenting information and the effects of different
presentations on market prices when investors have limited attention and processing
power. Hirshleifer et al. (2003) address firms’ incentives to withhold information from
credulous and inattentive investors. Hirshleifer and Teoh (2004) provide a model of return
predictability based on inattentive investors’ negligence of current earnings, different
earnings components, and information in investment. Our model also addresses the effect
of neglected information on asset returns. In particular, we derive new cross-sectional
implications linking the strength of this effect to return correlation.

Sims (2003) adopts the concept of channel capacity from information theory to study
information-processing constraints in a dynamic control problem without financial assets.
Peng (2005) studies an information capacity constraint in investors’ learning processes.
Van Nieuwerburgh and Veldkamp (2004) discuss portfolio under-diversification caused by
investors’ learning constraints. We use an information measure shared by these studies and
focus on investors’ category-learning behavior and its relationship to return comovement
and predictability.

Psychological studies, as reviewed by Yantis (1998), suggest that attention can be
directed by people’s deliberate strategies and intentions. Gabaix and Laibson (2003)
analyze a model of directed attention of economic agents who allocate thinking time to
choose a consumption good from several alternatives, and Gabaix et al. (2003) provide
some further experimental evidence. Our model also focuses on the effects of actively
controlled investor attention.*

Investors’ limited attention or computational capacity also motivates several recent
studies of heuristics that simplifies problem solving, e.g., Barberis and Shleifer (2003),
Mullainathan (2002), and Hong and Stein (2003). In particular, Barberis and Shleifer
analyze the effects of investors’ style strategies (investors allocate investment based on
exogenous asset styles and simultancously move in and out of a style depending on its
recent performance) on excessive comovement among assets of the same style. In our
model, investors with limited attention form asset categories based on their fundamentals,
and the excessive comovement is driven by investors’ inattention to firm-specific
information. This framework allows us to draw explicit links between the dynamics of
information flow and the dynamics of return comovement and predictability.

“Attention can sometimes be captured by an abrupt onset of stimulus and other salient events. Barber and
Odean (2003) examine the stock trading generated by investor attention that is driven by salient events.
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3. The model

We develop a model with an infinite number of periods, t=1,2,3,...,00. A
representative investor invests in a portfolio of risky financial assets. We allow the
investor to borrow and lend at a constant risk-free rate of r. We view the representative
investor in our model as one of many retail investors in the stock market who face similar
uncertainty in their portfolios and who access similar information sources such as
newspapers, analyst reports, and media coverage. These investors are also subject to
similar behavioral biases and attention constraints in their learning processes.

3.1. Investor preference and factor structure of asset fundamentals

The investor has an exponential utility function of consumption:
1 —yc
ulc) =——e’’, €]
Y

where y is her absolute risk-aversion coefficient. Each period, the investor chooses a
consumption level to maximize her expected lifetime utility:

max E, [io: 5“'_’u(cs)] ) ()

s=t

0 € (0,1) is the time preference parameter, and ¢, is the consumption choice in period s.

The investor holds a portfolio that spans m sectors, with n firms in each sector. We view
a sector as an industry or nation. Each firm pays a dividend every period. We denote the
dividend from the jth firm of the ith sector in period ¢ by d;;, and summarize the dividends
of all assets by a vector

T
Dmnxl(t) = (dl,l,ts e dl,n,t, B di,/',r, e dm,l,ta B dm,n,t) 5 (3)

where ‘T’ is the transpose operator.
The dividends are linear combinations of random fundamental factors:

d,'}/,,=h,+f,»7,+gl-1]-’,, i=1,...,m, j=1,...,n, (4)

where /7, is a market factor, f, is the common factor for sector i, and g;;, is the firm-
specific factor for the jth firm in the ith sector. These factors are unobservable and
independent of each other. Their distributions are known to the investor. We assume that
these factors are identically and independently distributed across periods:

hINN(il, O'i), (5)
fi,tNN(f_a Uj%)a i= 1, cel,m, and (6)
gz;j,z“’N(g,G;), i=1,....m, j=1,...,n 7

In this specification, the market factor has a Gaussian distribution with a mean of /2 and a
variance of ¢7; all sector factors have the same Gaussian distribution with a mean of £ and
a variance of aj%; and all firm-specific factors have an identical Gaussian distribution with a
mean of § and a variance of 05. While we make these specific assumptions to simplify our
analysis, they are not critical to our main results.
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3.2. The learning process

Although the fundamental factors are unobservable, the investor is able to analyze them
one period before their realization in dividends.” A more precise forecast of future
dividends benefits the investor by allowing her to make more efficient intertemporal
consumption decisions.

We emphasize two important features in the investor’s learning process: limited
attention and overconfidence. The investor’s limited attention determines the maximum
amount of information she can process each period. We treat learning about each of the
independent fundamental factors as separate tasks, similar to the way that English and
mathematics are studied separately in school. The investor allocates her attention across
these tasks.

We use x to represent the limit in attention. We denote the fraction of attention
allocated to the market factor &; by 4;, € [0, 1], to a sector-wide factor f; by As;, € [0, 1]
and to a firm-specific factor g,; by 44, € [0, 1]. We summarize the allocations in a vector:

1 T
At = (ih,ta /Lf,l,ta e )"f,m,ly ;‘-g,l,l,f’ ey ;"g,i,]',ts ey ig,m,n,t) . (8)

The allocations should sum up to be less than or equal to one:

m

m n
Ine+ Y it Y Y Agia<l. o)
i=1

i=1 j=1

The investor’s learning process involves first collecting firms’ information in the public
domain, such as news releases, media coverage, and analyst reports. Then she forms her
own views. To abstract from these complex activities involved in actual learning processes,
the investor in our model devotes her attention to processing information, extracts a noisy
signal about the underlying factor, and uses the signal to update her belief according to the
Bayes rule. We denote s;,,, Sr,;, and s,;;, as the extracted signals for the market, sector,
and firm-specific factors, respectively:

Spt = hr+1 + &nt, 8h,t"’N(Oa ’72,,)’ (10)

Sf,i,t :fi,H-l + 8f,i,t:v Sf,i,lNN(Os ’7]2"[,[), i= 17 cee,m, (1 1)
and

Sg,i,/,f = giJ,t+] + gg,i,/,t: Sg,i,/,fNN(Oa nj,[zj,[)’ l = 1) S, m, .] = 17 ceeo (12)

where the signal noises ¢, &7, and g, ;, are assumed to have Gaussian distributions with
zero means and variances of ”Iﬁ,p n}’[’t, and 175’,- .o Tespectively. The signal noises are
independent of each other, because they are generated through separate tasks. Their
variances depend on the investor’s attention allocations. We summarize all the signals in a
vector S;.

If the investor devotes more attention to one factor, the extracted signal becomes more
precise. Following Sims (2003), we use the concept of entropy from information theory to

SIf we were to allow the investor to analyze future fundamental factors several periods ahead, doing so would
add more learning tasks to the investor’s attention allocation, because the investor can choose to analyze factors
of future periods. However, this extension should not affect the relative allocation across factors in a stationary
equilibrium.
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measure the amount of information about the underlying factor contained in a signal.
Appendix A provides an introduction to the entropy measure. Basically, the entropy of a
random variable measures its uncertainty. In the case of the market factor /4,, |, which has
a Gaussian distribution N(0, ai), its entropy, H, is determined by its variance aﬁ:

H (1) = $log o7 + 0.5log(2me), (13)

where 7 is Archimedes’ constant and e is Euler’s constant. This expression is intuitive,
because for a Gaussian distribution, more uncertainty is associated with a larger variance
parameter. Given the signal, s,, the investor updates her belief about the underlying
factor, h;. 1, according to the Bayes rule and forms a posterior belief:

Be 1l ~Nhe, @7,), (14)

where /; is the conditional mean and cbi, is the conditional variance.

Information theory defines the amount of information contained in s;, about /A,
I(hsy158n), as the reduction in the entropy (uncertainty) of /,;; stemming from the
knowledge of sj,,:

L1 n,0) = H(hipr) — Hheg Isn) = $log(} /@ ). (15)

Because the signal s;, is the output of the investor’s information processing, its
information content is determined by the investor’s attention input to generating the
signal. We assume a linear relation between these two variables:

I(hesis sng) = 10pK2p,, (16)

where x/;, is the amount of attention allocated to the market factor, and 6,>0 is an
information—efficiency parameter that measures the efficiency of the investor’s information
processing of the market factor. For a given value of 0, as the investor allocates more
attention to the factor, she processes more information about it.

We allow for the possibility that the investor is overconfident about her information-
processing ability. We assume that the investor perceives that the amount of information in
her signal s;, is not exactly given by Eq. (16), but by

I(hes 1 5n0) = S pOnkcy, (17)

where she exaggerates the amount of information by an overconfidence parameter ¢ > 1. If
¢>1, the investor is overconfident about her information-processing ability. If ¢ is equal
to one, we obtain the unbiased case.

Eq. (17) implies that the investor could underestimate the variance of her signal noise as
fﬁ,,t, instead of ’7/%,1‘- By combining Eqs. (15) and (17) and applying the Bayes rule that

1)@y, = 1/a} + 1/i,, (18)
we obtain that
Mpy = 03/ — 1), (19)

This perceived variance is smaller than the actual variance,

My = 03/ (0% 1), (20)
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which we obtain by combining Egs. (16) and (17) and applying the Bayes rule. Thus,
although we model overconfidence as the overestimation of one’s information processing
ability, our approach is consistent with earlier studies in the finance literature.

Given the extracted signal and its perceived informativeness, the investor updates her
belief of the market factor /,, based on the Bayes rule. The variance of her belief is

6)121,1 — 0-1216_)~Ix,r9/1¢K, 21)
and the mean of her belief is
he = I+ (1 — e 0% (s, — h). (22)

(1 — e~#0$r) " the responsiveness of A, to the signal, increases with ¢. Therefore,
overconfidence leads to an overreaction to the signal.

The investor also overestimates the information content of her signals for the sector and
firm-specific factors. We let I(f ir+1557.i0), the perceived information amount in the signal
about a sector factor f,,, be

I ipisSrin) = Y0y i=1,...,m, (23)

where ks, is the amount of attention the investor allocates to the factor and 0; >0 is the
information—efficiency parameter of sector i.

A higher value of 0; implies that the investor is able to process more information with a
given amount of attention. For example, a higher 0; might correspond to greater analyst
coverage, a more transparent financial system and better disclosure, or less complicated
fundamentals in sector i. 6; could be different from 6,, the information—efficiency
parameter of the market factor, and is most likely smaller.

We let [ (931415 54.4.)» the investor’s perceived information amount in the signal for a
firm-specific factor g;; ., be

190415 80ij0) = S P0irchgije, i=1,....m, j=1,....n, (24)

where x/y;;, is the amount of attention allocated to the factor and 0; is the
information—efficiency parameter of sector i. To focus on the difference across various
sectors, we let firm-specific factors share the same information—efficiency parameter as
their sectors. This assumption is reasonable, because the efficiency of processing
information about a firm is positively related to that of the firm’s sector.

For the sector and firm-specific factors, we can derive the investor’s belief-updating
process by following a procedure similar to the one used for the market factor. We denote
the investor’s posterior belief of a sector factor by

fi,t+1|SfJJNN(fi,t7(b_/2’,i,t)’ i=12,....m, (25)
where the mean and variance are given by
Fiu =T+ = e s = ) (26)

and

D o
wf,i,t = }e A.f.z,r(),d);c. (27)
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The investor’s posterior belief in a firm-specific factor is

o ~2 . .
gij,t+l |Sg,i,j,t~N(gi,/',ta wg,[‘/’,[)s 1= la cee,m, ] = 13 NN (28)

here the mean and variance are given by

Gija =g+ (1= 0 (s;, = g) (29)
and
605,1}1',1 = 056_2y~iJ.19i¢K. (30)

3.3. The equilibrium

We analyze an equilibrium in which the representative investor holds the net supplies of
risky assets according to the market-clearing condition. To make an efficient intertemporal
consumption decision, the investor allocates her limited attention to analyzing the
fundamental factors that affect her portfolio. Following Lucas (1978), we determine
the equilibrium asset prices as the shadow prices from the pricing kernel determined by the
investor’s marginal utility of consumption.

Because the asset fundamentals are independent across periods (no persistence) and the
investor has constant risk aversion, the investor’s cash holdings would be the only state
variable in her optimization problem. In period ¢, we rewrite her optimization problem in
Eq. (2) as a recursive Bellman equation:

Ju(K,) = max E{mgx u(e) + 5Et[Jt+l(Kt+1)|St]}a (31

where J is the investor’s value function, K, is her cash holdings, and S; is the vector of
signals processed by the investor in period ¢.

Eq. (31) illustrates the investor’s two optimization decisions. First, she needs to
determine her attention allocation A, in information processing, subject to the attention
constraint in Eq. (9). Second, based on the processed information, she needs to determine
her current period consumption ¢,, which trades off her next-period wealth. The investor’s
next-period cash holding, K,.;, is determined by her current cash holdings, her
consumption choice, and the dividends from her risky assets:

K=&, —e)1 41+
i=1 j=1

dijis1- (32)

m n

We denote the stock price of firm j in sector i at period ¢ by p;;, and summarize the
prices by a vector:

T
Pmnxl(t) = (pl,l,la"'9p1,n,f"":pi,/',fﬂ'"7pm,1.t""’pm,n,t) . (33)
The asset prices are determined by the investor’s marginal utility of consumption:

u'(c
P =E 6" ) (p 4Dy (34)

w'(c)
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We derive the investor’s optimization problem, solve the equilibrium price functions,
and verify the equilibrium conditions in Appendix B. The main results of this can be
summarized with Theorem 1.

Theorem 1. The investor’s attention allocation problem is
m n

Vi =min Var, (Z > dijusi St>. (35)
! i=1 j=I1

The equilibrium asset prices are given by

1
P = I—_H[E(Dzﬂ [S7) + L], (36)

where L, is a deterministic vector.

Theorem 1 states that the objective of the investor’s attention allocation is to minimize the
variance of her belief about the next-period dividend payments to her portfolio. Minimizing
future uncertainty allows the investor to make more efficient intertemporal consumption
choices. The objective of the investor’s attention allocation is independent of the level of
asset fundamentals, because these fundamentals are independent over time. In addition,
Theorem 1 shows that asset prices are determined by the investor’s conditional expectation
of the next period’s dividends and therefore fluctuate with the processed information.

Given the linear factor structure in Eq. (4) and the variances of the investor’s conditional
beliefs in Eqgs. (19), (27), and (30), we transform the investor’s attention allocation problem
in Eq. (35) into

m m n
V, = min m*n*gre e 4 Z nzaﬁef“?’?’g"‘ﬁ” + Z Z (7567”“-‘/~"~“9'‘[”C (37
A i=1 =1 =1
m m n
subject t0 Ans+ ¥ Aric+ Y D Agija<l, (38)
i=1 =1 j=1
)Lh7[>0, /ﬂbf,l',[>0, )Vg,i,j,t>03 VZE {1,...,m}, ]6 {1,...,”}. (39)

Inequality Eq. (38) imposes a constraint on the aggregate attention allocation, and
inequalities in Eq. (39) require that attention allocation to any factor cannot be negative.
Theorem 2 establishes the existence of a unique solution to this optimization problem. The
proof appears in Appendix C.1.

Theorem 2. A unique solution exists to the investor’s attention allocation problem.

We solve the optimization problem using the Lagrange method:

m

mn
L= MZHZG%C*/{/M@WK + E n26%672’~'“’05¢x + E § gle uiiilidr
. g
i=1 =1 =1

m m n

— e (U=t =D i = DY dgija | = i
=1 =1 j=1
m n

m
- Z Hpiihf it — Z Z Hg.ij.ihg,ijts (40)
i=1

i=1 j=1
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where p,, is the Lagrange multiplier associated with the net allocation constraint in
Eq. (38) and w,,, ps;, and p,;;, are the Lagrange multipliers associated with the non-
negativity constraints in Eq. (39) on the allocation to the market, sector, and firm-specific
factors, respectively.

We obtain the following first-order conditions:

L, = Oprc(mPn*ag)e™ 0 if J,,>0,

L, > Onpr(m*n*a7) if 2, =0, (41)

fo, = Oiprc(n’a7)e™ 9% if Jp; >0
ty, > 0iprc(n’a7) if 2y, =0 Vie{l,...,m}, and 42)

,UK,; — Hiqsko_je—/lq.i,j.zei@c if ig,i,/,t >0
t, > Oiprcar if Jgije=0 Viel{l,...,m}, je{l,...,n}. (43)

The multiplier u,, represents the opportunity cost of allocating a unit of attention in
period ¢, i.e., more attention to one factor decreases the attention available for processing
information about other factors. The first-order conditions in Eqs. (41)—(43) show that a
factor receives a positive amount of attention allocation if and only if its marginal benefit
can justify the opportunity cost.

3.4. Comments on the model

One might argue that an attention-constrained investor can choose to free ride upon the
information revealed through prices, instead of processing the information on her own.
However, learning from prices is not free. It still requires attention and knowledge. This
learning channel requires knowledge of the market structure, including the presence and
risk preference of other traders, their information quality, and the intensity of liquidity
trades (Grossman and Stiglitz, 1980). The requirements for using price-based information
make this method especially challenging for a retail investor, who typically lacks the
knowledge of other market participants’ trading motives and cannot observe others’ trades
in a timely fashion. In addition to these technical difficulties, overconfidence can cause an
investor to ignore potentially useful information embedded in prices and to rely only on
her own analysis. For simplicity, we restrict the investor in our model from learning
through prices.

We also emphasize that in reality retail investors are often exposed to similar
information sources, such as media coverage and analysts reports. Thus, even when
investors process information independently, their beliefs are likely to be influenced by
noise in the common information sources, causing the errors in their beliefs to be
correlated. This correlation prevents the cancellation of investors’ learning errors in
aggregation.® To simplify our exposition, we analyze the learning process of a
representative retail investor. Our main results would be viable as long as different
investors share common information sources.

®Recent empirical studies, e.g., Barber et al. (2003) and Kumar and Lee (2003), confirm that the buy-sell
activities of retail investors are correlated. However, Kaniel et al. (2004) note that the investor sentiment across
stocks have low correlations.
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We analyze an equilibrium in which the representative investor holds the net supply of
the risky assets. In a more general model with heterogeneous investors, an indi-
vidual investor might choose to hold a subset of assets so that she can concentrate her
limited attention on a smaller number of uncertain factors. By doing so, she trades off
portfolio diversification for learning efficiency. In this paper, we use the represen-
tative-investor equilibrium to focus on the effects of investors’ category-learning
behavior, which we believe is one of the key implications of limited investor attention
and is important for financial markets. The interaction among attention-con-
strained investors is an interesting issue in its own right. Because of the technical diffi-
culty of incorporating this feature into our current model, we leave it for future
research.

We do not explicitly analyze the reasons that professional investors fail to eliminate
the price effects generated by the attention constraints and behavioral biases of indi-
vidual investors. Instead, we rely on results from earlier papers, e.g., Shleifer and Vishny
(1997), which conclude that deviations from efficient prices can be persistent in markets
because arbitrage is limited. Arbitrageurs face great risk when trading against
unpredictable investor sentiment. At least in the short run, these biased reactions can
become even more extreme, moving stock prices further away from their fundamental
values and causing losses to arbitrage positions. Because extensive theoretical studies have
been done on the limits of arbitrage and because empirical studies also confirm that
investors’ inattention to public information could affect stock prices, we opt to focus on
the implications that arise from studying the learning processes of attention-constrained,
overconfident investors.’

4. Category-learning behavior

Limited investor attention can lead to category-learning behavior, i.e., the investor tends
to focus more on the market and sector information and less on firm-specific information.
We compare the investor’s attention allocation for common factors and firm-specific
factors.

We consider the case in which the information—efficiency parameters for all factors are
identical and stay constant over time. The investor’s attention allocation is therefore also
constant over time. In addition, because all the sector factors are symmetric, with the same
prior variances and the same information—efficiency parameters, they receive identical
attention allocations. All firm-specific factors also receive identical attention allocations.
Proposition 1 compares the allocations given to different factors. Appendix C.2 provides
the proof.

Proposition 1. If m*a;,> o} and n*a; > a,, then the investor allocates more attention to the

market factor than to a sector factor and more attention to a sector factor than to a firm-
specific  factor.  When the investor is  severely  attention-constrained, i.e.,
Kk<(m/p8) 10g(n2aj%/a§), she devotes attention only to the market and sector factors and
pays no attention to firm-specific factors.

Proposition 1 confirms that the investor tends to allocate more attention to common
factors, because it is more effective to concentrate on factors that generate more

"Barberis and Thaler (2003) provide a review of these studies.
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uncertainty in the portfolio.® The conditions that make it possible for this situ-
ation to occur, m*gj;>g; and n’a;>a,, are realistic. Because there are usually a large
number of sectors in the economy and a large number of firms in a sector (> 1 and m> 1),
these conditions would hold easily when the uncertainty in the common factors and
firm-specific factors have comparable magnitudes. In the extreme case when the
investor’s attention is severely constrained, she would focus exclusively on common
factors and ignore all firm-specific information. Essentially, the investor treats all the
stocks in a sector as a single category and processes information only at the category
level. She then makes all pricing and investment decisions based purely on this
information.

The investor’s attention allocation in the severely constrained case dovetails with an
observation made by Barberis and Shleifer (2003) that investors often organize their
investment decisions based on style strategies, i.e., they categorize securities into exogenous
style classes and shift investment in and out of these classes simultaneously. By analyzing
the composition of information processed by an attention-constrained investor, our model
allows a more general form of category behavior, i.e., the investor tends to focus more on
category-level information than on firm-specific information, and the degree of
categorization depends on her attention constraints. This generalization allows us to
draw explicit links between the dynamics of information flow and the dynamics of both
return comovement and predictability.

We base the categories in our model on asset fundamentals. Although categories are
sometimes created through nonfundamental factors, those that are based on fundamentals,
such as industries and countries, are certainly important in practice. Cooper et al. (2001)
show that, during the period 1998-1999, more than one hundred companies tried to
associate themselves with the high-flying Internet industry by changing their company
names to dot.com names. Stocks for these companies earned an average abnormal return
of 74%, a figure that includes those firms that changed their names but did not adopt any
specific Internet-related investment or strategies. This example demonstrates that, to a
great extent, Internet stocks during the period were evaluated based solely on their
investors’ beliefs of the industry as a whole. It also demonstrates how inattentive investors
can be to firm-specific information.

5. Implications for return comovement

Information flow is widely regarded as an important source of asset-return fluctuation,
e.g., French and Roll (1986). Roll (1988) further links the comovement of asset returns to
the composition of market and firm-specific information. As more information flows into
the market, it seems intuitive that asset prices become more informative about future
fundamentals while asset returns become more volatile. Furthermore, if there is more
market information relative to firm-specific information, asset returns should be more
correlated.

80verconfidence also affects the investor’s attention allocation. However, because overconfidence makes the
investor overestimate both the opportunity cost and the marginal productivity of her attention, the net effect is
secondary relative to the effect of uncertainty across factors.
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5.1. Information flow and return variability

We first clarify the relation between the amount of information incorporated into prices
and the corresponding return variability. We take the amount of information as given and
examine its impact on return variance.

We consider the excess return of firm j in sector i

Giji = Piju T dije— A+, (44)

By substituting the linear price function in Theorem 1 and the factor structure in Eq. (4)
into ¢, ;,, we can decompose its return variance into three components:

1 . 1o A
Var(q;;,) = Var(l rht +h - ht—l) + Var (1—+rf” + /i _fi,t—1>

| .
+ Var (l—i—r Gijut 9ije— gi,j,t—l)- (45)

These components respectively correspond to the three fundamental factors: market,
sector, and firm-specific.

As an illustration, we consider the return variance component related to a sector factor
Jf'i- Our discussion in this subsection applies equally to all the other factors. There are two
parts in the return fluctuation component, Var(y; +rf,,+ Sfis f ii—1)- The first part,
1/(1+ r)f .» represents the fluctuation in price as the investor updates her belief (]' i) 1
response to information on f;,,, the value of the factor in the following period. The
second part, f;, —f 11—1> represents the resolution of the remaining uncertainty in the value
of fi, through the realization of the current-period dividend. The assumption that
fundamental factors are independent across periods implies that these two parts are
independent. Thus, we can further decompose the return variance component generated by

fias
J 5 1 P ;
ar <1—+rfi’f +fis —fi,tl) = m Var(f;) + Var(f,, — fi-1)- (46)

The amount of information about f; affects the two return variance components in
Eq. (46) differently. The joint effect depends on the investor’s overconfidence and is
summarized in Proposition 2. The proof appears in Appendix C.3.

When the investor responds to information correctly, as more information is processed,
more uncertainty is resolved and the investor’s belief updating increases the first part of
return variance, 1/(1 + r)? Var(f, i)- However, more information processed decreases the
remaining uncertainty, thus the other return variance part, Var(f;, — 1 i1_1)> becomes
smaller. When the discount rate is zero, more information changes the timing of
uncertainty resolution without affecting the return variance. When the discount rate is
positive, more information decreases the return variance because of the discount factor
1/(147r)* in the first part of the return variance. This result is given in Part A of
Proposition 2, and it confirms the intuition of Campbell et al. (2001, p. 39) that “improved
information about future cash flows increases the volatility of the stock-price level, but it
reduces the volatility of the stock return because news arrives earlier, at a time when the
cash flows in question are more heavily discounted.” Also, this result is not unique to our
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model specification. West (1988) provides similar results with a more general ARMA-type
(autoregressive moving average) dividend process.

It seems possible to use a static model with two periods to discuss the relation between
information and return variation. For example, in the first period, investors incorporate
information to update their beliefs and determine the equilibrium asset prices; in the
second period, assets are liquidated. In such a static model, the return variation in the first
period reflects only uncertainty resolution through investors’ belief updating, while the
return variation in the second period reflects only the resolution of the remaining
fundamental uncertainty through liquidation. Because both parts of uncertainty resolution
are important for understanding return variation, we analyze a dynamic model to avoid
any potential confusion. Such a dynamic setup also allows us to discuss the time-series
properties of return comovement.

Proposition 2. The relation between information and return variability depends on the level of
the investor’s overconfidence.

(A) When the investor uses perfect Bayesian updating (¢ = 1), the return variance generated
by a fundamental factor is independent of the amount of the information about the factor
if the discount rate for future cash flows is zero and decreases with the amount of
information if the discount rate is positive.

(B) If the investor is sufficiently overconfident,

(1+r?—1
A+r?+1

and given that the amount of information is below a threshold level, the return variance
increases with the amount of information and the overconfidence parameter ¢.

o1+ (47)

Part B of Proposition 2 shows that, when the investor is overconfident, more
information can lead to a higher return variability. Overconfidence causes the investor
to overreact to the self-processed noisy signal, thus amplifying the effect of signal noise on
prices. The magnitude of the noise amplification effect depends on two forces. On the one
hand, as a signal becomes more precise, the investors’ overreaction to the signal gets
stronger, thus further amplifying noise. On the other hand, a more precise signal contains
less noise. The trade-off between these two forces determines that when the investor’s
overconfidence parameter is sufficiently high and the amount of information in the signal is
below the threshold level, the noise amplification effect can dominate the discount rate
effect. Thus, in the presence of investor overconfidence, more information can lead to a
higher return variance. We combine this result with the investor’s attention allocation to
analyze return comovement.

In Appendix D, we numerically illustrate values of the threshold on the amount of
information, based on various parameter sets. These threshold values are high for
individual investors’ learning processes. We also show that the restriction on the
overconfidence parameter in Eq. (47) is modest for reasonable values of the discount rate.
Therefore, we focus the rest of our analysis on cases in which the conditions in Part B of
Proposition 2 are satisfied.
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5.2. Excess comovement

The return correlation between two firms depends on the fraction of their return
variances that is driven by common sources. We compare the correlations in firms’ returns
with the correlations in their fundamentals.

We define p as the return correlation between two firms from different sectors:

p= COV”(‘]i,j,ta‘]k,l,t)a i#k. (48)

Because these two firms are from different sectors, according to Eq. (45) the shared part of
their return variances can be related only to the market factor:

_ Var(U/(L+ D+ by — )

(49)
\/Var(ql',/‘,t) Var(Qk,l,t)
We define p; as the return correlation between any two firms in sector i:
pPi = CO””(‘Ii,/,za ‘Ii,k,r)a Jj#k. (50)

According to Eq. (45), p; depends on the return variances caused by the market factor and
the sector factor:

Var((]—jrr)ﬁt +hy—hy) + Var(({%r) +/is _fi,t—l)
pA =
' \/Va"(‘]i,j,t) V“r(qi,k,t)

Proposition 3 compares the return correlations with the corresponding fundamental
correlations. The proof appears in Appendix C.4.

: (1)

Proposition 3. Under the conditions in Part B of Proposition 2, and given that mzo',zl>0},
n26}>a§, the return correlation between any two firms is higher than their fundamental
correlation.

Proposition 3 shows that limited attention and investor overconfidence can amplify the
return correlation between any two firms, either in the same sector or from different
sectors, so that the return correlation is higher than their fundamental correlation.
This result is a consequence of the investor’s category-learning behavior. Her tendency
to process more market than sector information and to process more sector than firm-
specific information, together with her overreaction to this processed information,
creates more return variation in common factors and therefore generates excessive
comovement.

The result of excess comovement at the market level is supported by empirical evidence
of Shiller (1989) and Pindyck and Rotemberg (1993). Shiller finds that the comovement of
real stock prices between the United Kingdom and the United States appear too large to be
accounted for in terms of the comovement of real dividends between the two countries.
Pindyck and Rotemberg show a similar result for the comovement of individual stocks in
US markets. The result of excess comovement at the sector level also complements the
analysis of Barberis and Shleifer (2003) and Barberis et al. (2005), who focus on excess
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comovement generated by investors’ style strategies among assets with no fundamental
correlation.’

5.3. Comovement and price informativeness

The degree to which the investor treats firms in a sector as a single category depends on
the information—efficiency parameter of the sector. We compare cross-sectoral differences
in the information—efficiency parameters with a focus on return correlation and price
informativeness.

We capture a firm’s stock price informativeness through its inverse relationship to
remaining uncertainty, which is to be resolved through the realization of dividends:

Var(h, — hiy) + Var(f i, — f1,2) + Var(gij, — §iju1)- (52)

The firm’s stock price informativeness depends on the amount of information about the
firm that the investor processes. For a given overconfidence parameter, Lemma 3 in
Appendix C.3 shows that, as the investor processes more information, the stock price
becomes more informative and the remaining uncertainty is lower.

Proposition 4 compares the return correlation and price informativeness in two sectors
with different information—efficiency parameters. The proof is in Appendix C.5.

Proposition 4. Assume that mza,%>a}- and n20}>a§. Consider two sectors, 1 and 2, with

different information— efficiency parameters, 0y>0,. In sector 1, the investor not only
processes more sector and firm-specific information, but also processes relatively more firm-
specific information, treating firms in this sector less as a single category and more as
individual firms. If the conditions in Part B of Proposition 2 are satisfied and all factors
receive positive attention allocation, stock prices in sector 1 are more informative and the
return correlation between firms in sector 1 is lower.

Proposition 4 illustrates a negative cross-sectoral relation between return comovement
and stock price informativeness. Sector 1 has a higher information—efficiency parameter,
e.g., either a better disclosure system or a less complicated industry structure. As a result, it
is effective for the investor to allocate more attention to all factors in sector 1, leading to
more informative prices in the sector. In this scenario, she would also allocate relatively
more attention to firm-specific factors in sector 1. This allows her to consider firms within
this higher efficiency sector individually instead of as members of a sector category,
resulting in lower average return correlation.

We can quantify price informativeness empirically by the power of stock returns in
predicting future changes in firms’ earnings or other fundamental variables.'® We can also
measure the return correlation between firms in a sector by the average R’ statistic of
regressing individual stock returns in the sector onto the market return and the sector’s
aggregate return.

Proposition 4 is consistent with several recent empirical studies that examine the relation
between comovement and stock price informativeness. According to Morck et al. (2000),
return synchronicity, as measured by the average R’ statistic, is high in those emerging
countries having less developed legal and investor protection systems that discourage

°See also Boyer (2004) for a study of excessive comovement among stocks with similar book-to-market ratios.
Durnev et al. (2003) provide a detailed discussion of the empirical measures.
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information processing. Durnev et al. (2003) show that in industries with less synchronous
returns, stock prices are more informative. Wurgler (2000) finds that the efficiency of
capital allocation across countries is negatively correlated with the synchronicity in stock
returns of domestically traded firms, and Durnev et al. (2004) show that US firms with
higher firm-specific return variability make more value-enhancing investments. Overall,
these studies find broad evidence that a sector’s stock price informativeness is negatively
related to the return correlation of firms in the sector.

Proposition 4 also suggests that the degree to which the investor treats firms in a sector
as a single category is determined by her attention allocation to the sector factor relative to
firm-specific factors, and that this degree is inversely related to the average return
correlation of firms in the sector. Although it is difficult to directly measure the investor’s
attention allocations, we can use the average return correlation as an indirect measure.
This is a useful gauge for analyzing cross-sectional implications of investors’ attention.

5.4. Time trend in return correlation

Over the last 50 years, enormous developments in information technology have made it
easier for investors to collect and process information about the overall economy and to
gain specific knowledge about industries and firms. We capture these technological
advances by allowing an increasing time trend in the information—efficiency parameter. We
assume that all factors share the same information—efficiency parameter 0, which increases
over time. Proposition 5 describes the result. The proof appears in Appendix C.6.

Proposition 5. Suppose that mza,%>a?, n20f2»>a§ and that the conditions in Part B of
Proposition 2 are satisfied. As 0 increases over time, the investor allocates relatively more
attention to firm-specific factors. Consequently, the firm-specific return volatility rises relative
to the sector-level volatility, and the return correlation between any two firms decreases.

Proposition 5 indicates that, as information technology improves over time, the
investor’s attention constraints become less binding, giving her the capacity to process
more information for all factors. There is a larger increase in the amount of information
she processes for firm-specific factors and, therefore, a larger increase in assets’ return
variances related to firm-specific information. As a result, firm-specific volatility rises and
return correlation decreases.

This implication is supported by Campbell et al. (2001), who find a decreasing trend in
the return correlation of US stocks over the last 30 years. The average correlation among
individual stocks has fallen from 0.28 in the early 1960s to 0.08 in 1997, and the average R>
statistics for individual stocks from a market model has declined in tandem. They identify
increased firm-specific volatility as the main cause of the decreasing correlation in US stock
returns.

The variation in information acquisition cost alone is not sufficient to explain either the
cross-sectional or the time-series properties of return comovement that our model
generates. More information in a rational expectations model with a positive discount rate
reduces, instead of increases, return volatility. Without exploring investor behavior such as
overconfidence and limited attention, standard rational expectations models cannot
reconcile these aforementioned empirical observations.
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6. Cross-section of return predictability

Over the past two decades, researchers have discovered that they can use past stock
prices and other publicly available variables to predict stock returns.!' The findings have
challenged standard asset-pricing models and motivated studies on the effects of investor
biases.

We focus on two types of information related biases: investors’ overreaction to their
information and their ignorance of useful public information. Investors’ attention
allocation could play important roles for both types of biases. Biased reactions to
information occur only when investors attend to information, and the predictive power of
a piece of ignored information depends on how much the investor already knows. Thus,
the investor’s attention allocation in our model provides cross-sectional implications for
both types of return predictability.

6.1. Predictability by overreactions to information

Overconfidence causes the investor to overreact to her information, causing asset prices
to deviate from their fundamental levels. Because the overreactions eventually are
corrected and asset prices mean-revert to the fundamental levels in the long run, asset
returns become predictable. Such predictability is displayed through a negative
autocovariance in returns.'?

Proposition 6 summarizes our results on overreaction driven predictability. We provide
the proof in Appendix C.7.

Propeosition 6. If the investor is overconfident (¢ > 1), the first-order autocovariance of any
firm’s stock return is negative. Under the condition in Part B of Proposition 2, the
autocovariance in the firm-specific returns decreases with the amount of firm-specific
information processed. If the investor attends only to information on common factors, the
negative autocovariance is present in the common return components, but not in the firm-
specific returns.

Proposition 6 shows that, when the investor treats the sector more as a category in itself
and processes less firm-specific information, there is less overreaction-driven return
predictability at the firm level. In extreme cases in which the investor treats all firms in the
sector identically as a category and pays no attention to firm-specific information, negative
autocovariances are present only in the common return components, such as market- and
sector-related returns. Even though stock prices in these cases could be inefficient, in that
they do not reflect firm-specific fundamentals, there is no overreaction-driven predictability
in the sector’s firm-specific returns.

Empirically, it is difficult to directly measure the degree to which the investor treats firms
in a sector as a category. However, our analysis in Section 5.3 shows that such a degree is
negatively related to the average return correlation of firms in the sector. Thus, our model

UFor example, the literature has identified the so-called short-term momentum effect, long-term reversal effect,
post earnings announcement drift effect, and accrual effect, among others. See Hirshleifer (2001) and Barberis and
Thaler (2003) for reviews of these studies.

Lo and MacKinlay (1988) and Poterba and Summers (1988) find that US stock returns over one year or
longer horizons have a negative autocovariance.
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provides a new testable implication for overreaction-driven return predictability and return
comovement. We expect that, after controlling for the degree of investor overconfidence, a
sector with a lower average return correlation exhibits more pronounced firm-level return
predictability driven by investors’ overreaction, such as long-run reversals in asset prices.

Although our model incorporates only return predictability generated by investor
overconfidence, we expect the cross-sectional patterns driven by investors’ attention
allocation to be applicable to other information-related biases. For example, Daniel et al.
(1998) show that self-attribution bias can lead to price momentum. Self-attribution bias
causes investors to attribute success to themselves but failure to external forces. Thus,
investors become more overconfident about their information—processing ability after
good performance and react even more strongly to their information, creating price
momentum. Given investors’ attention allocation and the resulting information structure,
an extension of our model incorporating self-attribution bias could generate a negative
relation between momentum in firm-specific returns and average return correlation in a
sector.

6.2. Predictive power of ignored information

Limited attention also causes the investor to ignore certain useful information in the
public domain. As a result, this information can be used to predict future asset returns. We
expand our model to discuss the cross-sectoral pattern in the return predictive power of
ignored information.

We consider a specific public signal, v;;,, that is ignored by the investor at time #:

Vijt = Gijur1 T Evijits (53)

where g;;,,; 1s a firm’s fundamental factor and &, ;;,~N(O0, ¢2) is an independent signal
noise. This signal could be the cash flow component of the firm’s earnings, which is often
ignored by investors and thus has the ability to predict future stock returns (see, for
example, Sloan, 1996 and Hirshleifer et al., 2003).

The information value of an ignored signal depends on how much information the
investor has already processed from other sources, which in turn is determined by the
attention she allocates to the firm. Take the EntreMed example (Huberman and Regev,
2001). While investors could have missed the article in Nature about the company’s new
cancer-curing drug, they could have obtained this same information if they had paid
enough attention to the company information available through other channels. Propo-
sition 7 explicitly describes such a relationship. We provide the proof in Appendix C.8.

Proposition 7. The return predictive power of an ignored signal about a firm decreases with
the amount of firm-specific information processed by the investor.

Proposition 7 confirms that an investor’s allocation of more attention to a firm and
processing of more information decreases the remaining uncertainty, which makes the
ignored signal less important. Although it can be difficult to measure the investor’s
attention to an individual firm, our analysis in Section 5.3 shows that the investor’s
attention to individual firms in a sector is negatively related to the average return
correlation of firms in the sector. Thus, our model provides another testable implication.
In a sector with a higher average return correlation, a variable that captures ignored firm
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information should have a higher predictive power for firm-specific returns, after we
control for the precision of the variable and the degree of investor overconfidence.

7. Conclusion

In this paper, we provide a theoretical model for studying investors’ attention allocation
in learning about asset fundamentals. Our model shows that limited attention generates an
endogenous structure of information that reflects the investor’s category-learning
behavior, i.e., the investor tends to focus more on market- and sector-level information
than on firm-specific information. When we combine this endogenous information
structure with investor overconfidence, we generate several implications for asset-return
comovement. We show that return correlation between firms is higher than their
fundamental correlation; stock prices in a sector with a lower average return correlation
tend to be more informative; and return correlations decrease over time with the
development of information technology. These results are supported by recent empirical
findings, which would otherwise be difficult to explain using standard rational expectations
models.

In addition, our model demonstrates new implications for the cross-sectional patterns
of return predictability. After controlling for the degree of investor overconfidence, firms
in a sector with a lower average return correlation tend to have more pronounced
overreaction-driven return predictability, such as long-run price reversals and short-term
price momentum. However, ignored information in public domain, such as certain
variables in firms’ financial statements, is less effective in predicting the future returns of
these firms.

Appendix A. The entropy measure of information

This Appendix provides a brief introduction to the entropy concept. According to
information theory, the uncertainty of a random variable y with a continuous proba-
bility density function f(y) can be measured by its entropy (Cover and Thomas, 1991,
Chapter 2):

H(y) = —E log[f (] = — / (log f())f (») dy. (54)

Entropy provides a lower bound for the average number of bits needed to transmit the
random variable.

The entropy of a random variable that follows a Gaussian distribution, N(J,a?),
depends only on its variance:

H(7) = llog 6 + 0.51og(2me). (55)

This expression is intuitive, because, for a normally distributed random variable, more
uncertainty is associated with a larger variance.

Information theory defines the conditional entropy of 7, given another random variable
s, as the expected value of the conditional distributions’ entropies, averaged over the
conditioning random variable s. Let f(7,s) be the joint probability density function of y
and s, f(v|s) be the conditional distribution of j conditional on s, and ¢(s) be the marginal
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density function of s. The conditional entropy of  given s is

H(ls) = / H(ls)g(s)ds = — / (log (1) (v, ) dy ds. (56)

The amount of information that s contains about j is the amount of uncertainty reduction
in y stemming from the knowledge of s:

AR
S3)g(s)

A property of this information measure is that it is invariant to any linear
transformations of y and s.

1G:5) = HG) — HGls) = / f.5)log dy ds. (57)

Lemma 1. If random variables 3 and s are transformed by any nonzero constants a and b,
respectively, the amount of information contained in bs about ay is identical to the amount of
information contained in s about y: I(ayp; bs) = I1(¥;s).

Proof. Define j/ = apand s’ = bs. The joint density function of 7 and s’ is

/ / 1 / /

f}:,s,(y,s)zgf(y /a,s'/b). (58)

The marginal density functions of j" and s are
/ 1 / / 1 /

300 =20 /a) and f,(s) = 3g(s'/b). (59)

Then the amount of information of bs to ay is given by
fﬂv’(yc S/)
I(ay; bs) = I(7'; ) :/ (0,8 log =2 dy' ds'
=10 Sy 8 gy ¥

LIy SO as]b)
= //abf O'fas'/b)log o aats oy @4

(.9 -
70)9) dyds = I(3; ). O (60)
This property establishes entropy reduction as a measure of information that is
independent of the scale of the underlying variables. Other measures of information have
been used in the related literature. For example, Verrecchia (1982) uses the precision (the
inverse of variance) of noisy signals with Gaussian distributions to measure information.
However, signal precision is not invariant to the scale of the underlying variable to be
inferred.

= [[ro-ooe

Appendix B. The investor’s optimization problem and equilibrium prices

We solve the investor’s optimization problem in Eq. (31) using backward induction. We
first derive the investor’s consumption decision given her information about the next-
period asset fundamentals and the objective function of the investor’s attention allocation.
We then solve the equilibrium asset prices from the pricing kernel determined by the
investor’s marginal utility of consumption.

Given the investor’s belief about asset fundamentals, her optimization problem is a
standard one, as in Merton (1971). Because the investor has an exponential utility and a
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Gaussian wealth distribution, her value function takes the form
1
Ju(K) = — ;e’“’K”b% (61)

where a; and b, are deterministic coefficients. Given the investor’s signals S; in period ¢, she
determines her consumption by solving the following optimization problem [inside the
curly bracket of Eq. (31)]:

J(K, S)) = max u(cr) + OB [J 11 (Ki11)1S1]

— max — lef}"(,‘, _ éEr{efaﬁl[(Kxfcr)(lJrr)vLZi:I j:]dn/,rﬂ]*bwl |S1‘}, (62)
¢ Y Y

where the last equation is derived by substituting in J, (K1) from Eq. (61) and K,
from Eq. (32). The first-order condition is

u'(c;) =o(l + r)Et[J;.»,-l(Kt—H)lSt]a (63)
or equivalently,

o
r

e 5(1 + r)aH_l e_(1+")ar+l(K/—Ct)—br+l—az+lEr(Z:.”:] Z;:ldl./.H»llSI)"' ;r] Var, (ZZI Z;;l dijit |S1)
» .

(64)

From this equation, we can derive that

1 m n
A (T {(‘ Kt b i (Z 2 dumlsf)

t
i=1 j=1

612 m n
1;1 Var, (; ; dijit1 |S,> — In[o(1 + r)at+1/y]}. (65)

By substituting ¢, back to Eq. (62), we obtain
7+ (1 +1)a

(1 +ag
’V m n

- (1 K E dij1lS

conf o s (353 s

612 m n
—%1 Var, <Z Zdi,j,t+l|St> + b1 — In[o(1 + ”)%H/V]} } (66)

i=l j=1

JI(Kl‘a Sl) = -

From Eq. (31), the investor’s attention allocation is determined by solving the
optimization problem

Ji(K;) = mAaX E[J (K, S))]. (67)

The expectation on the right-hand side of Eq. (67) is based on the investor’s prior belief at
t. Because the investor determines the attention allocation before she processes any
information about the next-period dividends, and because of the assumption that
dividends across periods are independent and identically distributed, she chooses her
attention allocation to maximize the unconditional expectation of J,(K,, S,).
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After substituting J,(K,, S;) from Eq. (66) into Eq. (67) and deriving the expectation, the
objective of the investor’s attention allocation is to

m n
min Var, (Z Zd,»,,,,ﬂmt). (68)
! i=1 j=1

This term is the only one affected by the investor’s attention allocation on the right-hand
side of Eq. (67). Intuitively, the objective is to minimize the total uncertainty about the
next-period dividend payments in the investor’s portfolio. In achieving such an objective,
the investor is able to make an efficient intertemporal consumption decision.

The exact values of the coefficients a, and b, are not critical for our discussion. They are
determined by a recursive Bellman equation. By substituting Eqgs. (61) and (66) into the
two sides of Eq. (67), respectively, and by matching the corresponding terms, we obtain
two backward-induction equations that determine a, and b,:

(1 +r)a g
Y+ +nrag’

—b V+(1 +r)al+1 ')) m n
e ="——""Fqexp{ —————— |a, 1 E diiiitlS
(1 + ra; P Y+ (1 +r)ag 1R - STARINY

i=l j=

aZ m_n
+bi1 — %l Var, (Z > dijus |51> — In[o(1 + r)a,+1/y]] }} (70)
=1 =1

Following Lucas (1978), the investor’s marginal utility of consumption determines the
asset prices

(69)

=

U (Cer1)

w'(c)

Because the dividends are independent across periods, we conjecture the linear price
function

P, =E, [5 (Pry1 + Dt+1)|St:|- (71)

1
P, = m[Et(DH-l IS+ L, (72)

where L, is a deterministic vector. L, can be determined through backward induction by
substituting Eq. (72) into Eq. (71):
s}

u’(6z+1)]
w'(c) ’

Eq. (73) uses Lemma 2, given below. The envelope condition implies that

_ 1
Pt = 56*’L’El{e VCr+1 |:1 [Et+l(Dt+2|St+l) + LH—I] + D[+1:|

+r

= 567("’{E[[677("’“](D- + L{+])/(1 + r) + E[[eiﬂfﬂ’+l D[+] |S[]}

=[(D+ Li+1)/(1 + 1) + E(Dy11) — Cov(ycisr, Dis1)]E; {5 (73)

J(K,) = u(cp). (74)
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Combining this condition with the first-order condition in Eq. (63), we obtain
El 5u/(cl+1) — 1 )
u'(cr) l+r

By substituting this expression into Eq. (73), we obtain a recursive equation that
determines the deterministic vector L;:

(75)

1
Ll 1 + (D + LH_]) — COU[('))C[+],D[+]) (76)

Thus, the conjectured price function in Eq. (72) holds in equilibrium.

Lemma 2. Let x and y be two normally distributed random variables. Then,

Elye’] = [E(y) + Cov(x, p)E(e"). (77)
Proof. Denote x~N(X,07) and y~N(,0}), and their correlation as p. Then,

" ex x—x)\2 X=X\ V=P y— \
E[yek]_/ / dxdy y IO 2D
2n6.0,4/1 — p?

xii(ra\‘)_ XX
/ d.x 2 / y T304 pv)()r_‘J_l )
27wY a1 — p2

e jat )
= / xS [y + 2% - x)} = (G + poyo, )™ O (78)
oo 210y Ox

Appendix C. Other proofs

This appendix provides proofs to the remaining theorems and propositions.

C.1. Proof to Theorem 2

Because the objective function to be minimized is continuous and the feasible set of
variables is compact, there must exist at least one minima for the optimization problem, as
directly implied by the Weierstrass Theorem. Because the objective function is strictly
convex, the minima must also be unique.

C.2. Proof to Proposition 1

Because all sector factors are symmetric with an identical prior variance and
information—efficiency parameter, and because these parameters stay constant over time,
they receive identical constant attention allocations: Ay = - - - = Ar,,, which we denote by
/. By construction, Ay <1/m. All firm-specific factors also receive an identical attention
allocation, which we denote by A,. In addition, we denote the investor’s attention
allocation to the market factor as Aj.

We first show that if n’;> gy, then /s >2,. We prove this statement by contradiction.
We suppose that 0< A < 4,. Because of the stationary setting, we can rewrite the first-order
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conditions in Egs. (42) and (43) as
we = 0pr(n’op)e ' if 7,>0,
w>0¢r(n’ey) if iy =0, and (79)

= O¢rcaie " if J,>0,

U > Qdmag if 4,=0. (80)

/4 must be positive. Then the first-order conditions imply that
e =0pr(n’ap)e " and (81)
= Orore ", (82)

Thus nzaze‘if’()d’”<aze_)'00¢". However, because n’;>a; and 4y <1, by assumptions,
nlate—iik 5 se%"9%_ This result is a contradiction. Thefefore /1/ 2&,

By following the logic as above, we can also show that if m?s7 >a/, then 2;,> /.

If k< (m/$0) log(nzoj% /o ) we can further show that 4, must be zero. First we note that
the assumption implies that

(*a)e " > 62 (83)
Starting from the first-order conditions in Eq. (79), we obtain

pe =001’ a7)e™ "% = 0pK(n*o7)e """ > oy, (84)
where we derive the second inequality above from the fact that A, <1/m and the third

inequality from Eq. (83). The first-order condition in Eq. (80) then implies that 4, = 0.

C.3. Proof to Proposition 2

Define
1
0%, ¢) = (1 = ™) o —— (85)
and
b ) = e (1 — et (36)

Lemma 3 derives the two parts of return variance in Eq. (46), Var(f i) and
Var(f;, — f:,_1), based on these two functions.

Lemma 3. Var(f i) is determined by the amount of information processed by the investor,
/14051, about the value of the factor in the next period, f; . ;:

Var(f,) = vp(iy 10, $)a?. (87)

Var(f;, — f i1—1) is determined by ir;,10;Kk, the amount of information processed in the
previous period about f;,, which affects the remaining uncertainty in f; .

Var(fi, — fi,-1) = vapig-10irc, ). (88)

va(x, @) is a monotonically decreasing function of x for any x>0 and ¢p>1.
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Proof. According to Eq. (26),

Var(fA,-’,) =(- e:’/l-ﬁ’*f()”‘b’c)2 Var(ss,iz)
= (1 = e PP Var(f; ;1) + Var(er )]
3y i0ibin2 ‘7/2'
— (1 — e MaiVi K) = e,;Lf’I.JgiK
= Dp()‘f,i,tgixa ¢)O-/%9 (89)
where the second equation above is obtained through Eq. (11), and the third equation is
derived through Eq. (20). Similarly,

Var(f i, = figm) = Var(fi, = [ + (1= e 0009 sy = )
= Varlf,, — [f + (1 —e 7%, + im0 — P}
— Var[e—)v/-,[,/,l(f,-dm(fi’t _f)] + Var[(1 — e—i/',[,zfl0:'(/);»‘)8f,i’171]

—Arir—10ik
6_21/"'"7[6[(’”( + (l _ e—}v/‘,;,,lf)/dm)z e M.i-1Vi .2
1 _ e*/lf’,l’t_]o,‘h‘ f

= va(Ay 10K, )oj. (90)

For any x>0,

ovg(x, d))_ _ 1 et v bt
ox (1 — ) {2¢e™ " (1 —e™M)[e e ]

+[1 = (¢ + De ™ + pe~@+HD¥e™ — e~ @+D]} <. 1)

Thus, vg(x, ¢) always decreases with x. [

We consider a stationary equilibrium in which the amount of information processed in
each period about a factor f; is identical: A7 0;x = Ar;,—10;x = x. Define

1
o(x, ¢) = mvp(x, ®) + va(x, ¢). 92)

The total return variance generated by a factor can be represented by

Var (%_Frf’\i,t +fis _fi,tl> = u(x, $)o}. ©3)

In the remaining part of the proof, we focus on the relation between the amount of
information about a sector factor, f;, and the associated return variance. The same result
applies to all other factors.

We first prove Part A of Proposition 2. When the investor uses perfect Bayesian
updating (¢ = 1), we can directly verify that v,(x, 1) + vs(x,1) = 1. v,(x, 1) is the fraction
of uncertainty that is resolved early through information processing, and it increases with
x. vg(x, 1) is the remaining unresolved fraction, and it decreases with x. Thus, if the
investor processes more information, much uncertainty is resolved earlier, leaving less to
be resolved later through dividends.



L. Peng, W. Xiong | Journal of Financial Economics 80 (2006) 563602 591

The total return variance generated by the factor

1 A 1
Var| —— £, = f =|— 1 INF 94
ar<1 + rfz,t +f1,t fz,tl) I:(l + V)2 U[’(xs )+ Ud(x’ )] qf ( )
is determined by a weighted sum of the earlier resolution of uncertainty through
information processing and the later resolution through the realization of dividends. A
discount factor, 1/(1 + r)>, has been multiplied to the earlier resolution of uncertainty
vp(x, 1), reflecting that early resolution of future uncertainty creates less return variation.
Once we substitute out vy(x, 1) by 1 —v,(x, 1), we obtain
| N A r2+r)

Var <1——H’f[’t +fi,f _fi,l—1> = |:1 — ml)p(x, 1):| O'}. (95)
This expression equals to o2 if r = 0 and decreases with the amount of information, x, if
#>0. This result is summarized in Part A of Proposition 2.

We prove Part B of Proposition 2 as follows. By the definition of v in Eq. (92),

1 (1—e %)’ , e

— —2¢x 1— —px 96
U(x:(l’)) (1 +r)2 1 P +e +( (& ) | —ex ( )
We analyze the properties of v(x, ¢) around x = 0. Direct differentiation provides
ov(x,
WDl P 21+ +¢] and ©7)
0x x=0 (l + r)
azv(xa }) f/)2 2 2
— = — 52 =2)A + 1)+ (1 +7) +2¢ —1]. (98)
ox x=0 (1 + V)
In the derivation of these derivatives, we used the L’Hopital’s rule.
If ¢>14((14+7r)?—1)/((1 +r)?+ 1), we can verify that
) o
WD) ) and M <0. (99)
0x |, Ox o

Because v is a smooth function, there must exist a critical level, ¥>0, such that v(x) is
strictly increasing and concave for Vx € [0, ¥). We determine X as the root to the equation

ov(x, ¢)/0x = 0. (100)

An analytical solution to this equation is not available. We numerically demonstrate the
values of X in Appendix D for a wide range of model parameters.
Direct differentiation also provides that

Ov(x, ) 2x
3 (1+r)(1—e)

Thus, v increases with ¢ for any x>0.

[~ — e 2% 4 (1 4+ (e (9" — e=20%)]>0. (101)

C.4. Proof to Proposition 3

We denote x; = 4,0,k as the amount of market-level information processed by the
investor, xy; = As;0;x as the amount of information processed for sector 7, and x,;; =
Jg,ij0ic as the amount of information processed about firm j in sector i.
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From Eq. (49), the return correlation between two firms from different sectors is

Var(1/(1 + ©iy, + by — hi_y)
Var(1/(1 + 0y + by — hey) + Var(f /(01 + [ = fim) + Var@ /A +1) + g5 — Gijim1)

2
_ Y 5 (102)
D(Xh, d))o-h + D(xf,l'a d))o-f + U(xg,f,ja ()b)ag
where the function v is defined in Eq. (92). From the factor structure in Eq. (4), the
fundamental correlation between them is

p:

D U%
=21 103
p Ataltal (103)

By rearranging the terms in Eq. (102), we obtain

P _ o(xp, P)o;
L—p  0(xri $)o7 + (x> $)o2
According to Proposition 1, because m*a3 > a}- and 1’120'/% >0, we have that x; > x7,; > Xg,i;.

Furthermore, under the conditions in Part B of Proposition 2, v(x, ¢) is an increasing
function of x. Therefore, v(xp, ¢)>v(xs;, ¢) and v(xp, §)>v(xy;), ¢). Thus,

(104)

2 D

p 7 p
> = , 105
l—p " gj+a2 1-pP (105

and p>pP.
Following Eq. (51), the return correlation between any two firms in sector i is

o(xhs $)7 + v(xy s $)0?

p; = : (1006)
"X, 4’)0% + (X7, ¢)0_% + v(xg,i> ¢)U§
The fundamental correlation in the dividends of these two firms is
2, 2
po T 107
P = 2 2" (107)
o, + 0r + oy
Following a procedure similar to the one above, we can prove that p;> pP.
C.5. Proof to Proposition 4
We denote x7; = Ar101x as the amount of information processed by the investor about
the sector factor of sector 1 and x; = A 101k as the amount of information processed

about the sector factor of sector 2. The first-order condition in Eq. (42) for the investor’s
attention allocation to sector factors implies that if all factors receive positive attention
allocation, then

In . = In(0)) + In($prn’e}) — pxy.; (108)
and

In p, = In(6;) + In($prn’s}) — pxy 2. (109)
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By taking the difference between the two equations above, we obtain that
1
Xr1 — X2 :a(lné)l —1n(92)>0. (110)

We denote this difference by dx.

Because all the firm-specific factors in each sector have the same prior variance, they
share the same amount of attention allocation. We denote x,;; = 4,4 ,;0;x as the amount
of information processed by the investor about a firm-specific factor in sector 1 and
Xg2; = Ag2j02ic as the amount of information processed by the investor about a firm-
specific factor in sector 2. The first-order condition in Eq. (43) for the investor’s attention
allocation to firm-specific factors implies that if all factors receive positive attention
allocation, then

In g, = In(0)) + In(¢pra,) — Pxg1; (111)
and
In g, = In(6;) + In($pxa,) — Pxg2;. (112)
By taking the difference between the two equations above, we show that
1
Xg1j — Xg2j = a(ln 91 —In 92) =Xr1 — Xf2 = dx>0. (1 13)

Relative to sector 2, the amount of information that the investor processes for the sector
factor and any firm-specific factor in sector 1 increases by the same amount, dx. Because
the amount of firm-specific information is smaller (x> x,,; from Proposition 1), its
increase is relatively larger.

To prove that return correlation of firms in sector 1 is lower (p; <p,), we need only
establish that

P1 P2
< , (114)
I—py 1=p,

which, according to Eq. (106), is equivalent to
0(xh D)0+ 0(xr1, §)T2 0(xh D)+ (X2, P

oy D)0 WCeyass $)0? (1
By rearranging the terms, we can rewrite the inequality above as
0 0+ 0071, B0} 01 D)0 0o
v(xp, §)a; 4 V(X7 2, P)o7 o(xg2) D)oy
which is further equivalent to
0072 +dX, §) — vxr, ) _ vxgay +dx, ) — (g2, §) (117)

v(xn, §)as /07 + (X7, D) (xXg2,5 P)

Because m’gj,>0; and n’c;>g;, Proposition 1 implies that x,,;<xs2. Under the

conditions in Part B of Proposition 2, v is an increasing and concave function of x for
x € [0, X). Thus, we have

0(Xg2,5 P) <v(xX12, P) (118)
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and

v(xg2; +dx, @) — v(xy2,, ¢)>v(xr2 + dx, ) — v(xr2, ) >0. (119)

These two inequalities directly imply that inequality Eq. (117) holds true. Thus, the return
correlation of firms in sector 1 is lower. A key reason for this result is that in the more
efficient sector, the investor not only processes more information for both sector- and firm-
specific factors, but she also processes relatively more firm-specific information.

Next, we establish that stock prices in sector 1 are more informative. Using Lemma 3 in
Section C.3, we can rewrite the inverse measures of stock price informativeness of firms in
sectors 1 and 2, defined in Eq. (52), as

0 )07+ V(X715 $)T + Va1 > PO (120)

and

0a(Xn, )} + va(xr 2, P)o7 + Va(Xg2). P (121)

respectively. Lemma 3 shows that v(x, ¢) is a decreasing function of x. Because x;; > X7
and xg1;> Xy, as in BEq. (113), va(xz,1, ) <vg(xr2, ) and va(xy1j, §) <va(xgn,, ¢). Thus,
the term in Eq. (120) is smaller than that in Eq. (121) and the stock prices of firms in
sector 1 are more informative than those in Sector 2.

C.6. Proof to Proposition 5

In period ¢, we denote the attention allocation to the market factor by 4,, and the
amount of information processed by x;, = 4;,0,x. Because of the symmetry assumption,
all the sector factors receive an identical attention allocation, which we denote by 4.
Likewise, all firm-specific factors receive an identical attention allocation, denoted by /.
We specify xy, = is,0,k as the amount of information processed for a sector factor and
Xg: = A0,k as the amount of information processed for a firm-specific factor.
Furthermore, this symmetry implies that the return correlation between any two firms
from different sectors is identical. We denote the return correlation as p,.

To capture an increasing trend in 6, we consider the case in which 0, rises on even dates
and stays constant on odd dates. Thus, - - - = 05, <0y = 03,11 <0212 = ---. On odd dates
the investor’s attention allocations stay the same from the previous date, thus simplifying
our exposition. To prove the proposition, we need to show that the return correlation
between any two firms from different sectors decreases over time:

P21 <P2—1- (122)

The first-order condition in Eq. (41) for the investor’s attention allocation to the market
factor implies that if all factors receive positive attention allocation, then

In 41 = In(0241) + In(Proy) — Gxpo (123)

and

In o,y = In(02-1) + In($xa}) — dpxpo 1. (124)
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By taking the difference of these two equations, we obtain that
1
Xp2erl — Xhpi—1 = a[ln(f)zm) —In(0—1) — (In g — In gty 5] (125)

We denote the difference by dx.
Following a similar procedure, by using the first-order conditions in Egs. (42) and (43),
we verify that if all factors receive positive attention allocation, then
Xfoi41 = Xf2—1 = Xg2rr1l — Xg2r—1 = Xp2rr1 — Xpo—1 = dx. (126)

This result suggests that the changes in the amount of information processed for all factors
are identical. Because all the attention allocations each period should sum up to one,

Anoest +mMAropy +mnlgag =1 (127)
and

Ahpi—t +Mipo | +mnigy_ = 1. (128)
These equations further imply that

Xpot4l + MXp o1 + MnXg o1 = K041 (129)
and

Xpoi—1 + mXp -1 + mnxg -1 = k0. (130)

By taking the difference of these two equations above and substituting in dx from
Eq. (126), we can solve for dx:
_ K
S l4+m+mn
Thus, the changes in the amount of information processed for all factors over time are
positive and identical. Because the amount of information processed for firm-specific
factors is smaller than that of common factors, its percentage increase is larger.

To verify inequality Eq. (122), we need only establish that

dx (02041 — 02,-1)>0. (131)

Por+1 < P21 , (132)
L—pyr T=pay
which, according to Eq. (104), is equivalent to

O(Xp2e+1, )07 0(Xp2i-1, P07

. (133)
v(Xf 2041, ¢)Uf2' +0(xg 2041, P2 0(Xp 201, ¢)Q% + 0(xg.20-1, $)T?

By rearranging terms, we can rewrite the inequality above as

v(Xp26+1, )7 0(Xf 2041, ¢)0} + v(Xg2011, D)o ?,

(X201, P)a, 0(xf 201, D)7 + V(X 211, D)0

1, (134)

which is equivalent to
o(Xp2r—1 +dx, ) — v(Xp2—1, )
0(Xp20-1, $)
- [0(xX720-1 + dxX, §) — 0(x720-1, )67 /75 + V(g 20-1 + dX, §) — (Xg2i-1, )
v(X7 201, $)7 /0] + V(X 201, B) '

(135)
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Because m? >0'f and n? af>ag Proposition 1 implies that xj2.— 1>xf 21> Xg 211
Furthermore, under the conditions in Part B of Proposition 2, v is an increasing and
concave function of x for x € [0, X). Thus, we have

v(Xp20-1, ) > 0(Xf 201, P) > V(Xg 21-1, P), (136)

0<v(xp2—1 +dx, @) — v(xp2—1, $) <v(Xf 21 + dX, P) — v(X7 211, D), (137)
and

0<v(xr—1 +dx, @) — v(xr2-1, ) <v(Xg2-1 + dX, P) — v(Xg20-1, D). (138)

Inequality Eqgs. (137) and (138) suggest that, over time, return variances related to the
investor’s information processing for all factors are increased, but the magnitudes of these
increases are different. In particular, the increase in the component related to firm-specific
factors is largest, followed by the increase related to sector factors. The increase related to the
market factor is smallest. This order determines the decrease in return correlation over time.

Inequality Eq. (138) implies that the right-hand side of inequality Eq. (135) is larger than

[0(x720-1 +dX, @) — 0(xr 201, PNaf /05 + 0(xr 21 + dX, §) — V(7 201, )
O(X7 21, $)07 /07 + 0(Xg20-1, B)
aj% / 03 +1

0(xXp 20-1, §)07 /02 + V(Xg -1, D)

; (139)

= [v(xr -1 + dx, ) — v(x72—1, P)]

v(Xr2—1 + dx, ) — 0(xXr 201, P)
>
U(xf,thl, ®)

where the last inequality is derived from inequality Eq. (136) that v(xs—1,¢)>
v(xg2:—1,¢). Further applying inequality Eqs. (137) and (136) for the numerator and
denominator of Eq. (139), respectively, we can verify that the right-hand side term in Eq.
(139) is larger than the left-hand side of inequality Eq. (135). Thus, inequality Eq. (135)
holds, as well as inequality Eq. (122).

Using a similar method, we can also prove that the return correlation between any two
firms in the same sector also decreases over time as the parameter 0 increases.

C.7. Proof to Proposition 6

By substituting the linear price function in Theorem 1 and the factor structure in Eq. (4)
into an asset’s excess return in Eq. (44), we can divide the first-order autocovariance of the
asset’s return into three components corresponding to the three fundamental factors
involved:

hy
Cov(giysju1) = Cou (1 -

R h | R
+hi—hia, 1[_—J|ir+ hip1 — hz)

/i ; f ;
+CUU<1_l:r+f1t fzt 1s bl +flt+1 fi,t

dij, A Jijrt A
+ Cov (I——fi]-l}"—i_ giJ,t - gi,j,z—ls 1J—+f_+ + gl,/ t+1 giJ,z) . (140)
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We analyze the component related to the firm-specific factor as an illustration. We can
derive the other two components using the same method.

From the independence assumption of the fundamental factors across periods and the
associated Bayesian learning processes, ¢;;, —;;,—i 1S independent of g;;,., and
iji+1 — Jijs» and g;;, is independent of g;; ... Thus, we obtain

Jiju ijus1 n
COU( lJr+glJt ql,jf 1> lJ +qur+l gi,j,l)

I+ L+7
= Cov (lgi,lr sGijt+1 — gi,/‘,t)
= %Jrr Cov(Jijar Gijasr = ija)
= ﬁ[Var(giJ,t + i1 — Gij) — Var(gij) — Var(gj 1 — Gij.0)) (141)
= s Vi) = VartGyy ) + Vartgsg, = dis-D) (142)
In deriving Eq. (141), we use the formula
Couv(x,y) = Y Var(x + y) — Var(x) — Var(y)]. (143)

Var(g;;,41) = aj. Based on Appendix C.3, Var(g;;,) + Var(g;;, — g;j,—1) is the return
variance related to the firm-specific factor when the discount rate is zero. If we rewrite v
defined in Eq. (92) as a function v(x, ¢, r), where x is the amount of information processed
about a factor, ¢ is the investor’s overconfidence parameter, and r is the discount rate, we
have

Var(g;; )+ Var(g;;, + gij—1) = 0{2, v(Xgij> P, 0), (144)
where x,;; is the amount of information that the investor processes about the firm-specific
factor. Thus,

g i,J. 141 62
1./, ~ _ [
T+r T Yijir1 — gi,m) =20+ )[ v(Xgijs ¢, 0)].

COU(I Wi +J1,/t éizj,t—la
(145)

The source of the autocovariance is the investor’s overreaction to her information.
Using Eq. (96), we have

2(1 —e9%)
I —e™¥
and that the equality holds only when x = 0. Thus, if the investor does not attend to any
information related to the factor, there is no overreaction and therefore no autocovariance
in the return related to the factor, either. According to Eq. (43), this situation occurs when

0[<HK/(¢KO-Z .

Furthermore, under the conditions in Part B of Proposition 2, v(x, ¢,r) increases
with x. Thus, Eq. (145) implies that, in this region, the negative autocovariance caused by
the investor’s overreaction decreases with the amount of firm-specific information
processed.

o(x, ,0) =1+ (" —e ) =1, (146)
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C.8. Proof to Proposition 7

The information value of the ignored signal, v;;;, depends on its ability to resolve the
remaining uncertainty in prices. Thus, we can measure it by its correlation with
9iji+1 — Jij» the remaining uncertainty in the firm’s fundamental factor. We denote x =
lg,iji0ik as the amount of firm-specific information processed by the investor. By
substituting in g;;, from Eq. (29), we obtain

Jijur1 — Giju = e_¢x(9i,j,z+1 — @) — (L= ™)ey i (147)
where ¢4, is the noise in the information processed by the investor in Eq. (12), and it is

independent of ¢, ;;,, the noise in the ignored signal. Then, we can compute the correlation
between v;;, in Eq. (53) and g, ;.1 — g,;, as

e *q?
Corr = g , (148)
Ve + (1 — e i)} + )
where 175 = 03 /(e* — 1) is the variance of ¢,;;,. We rearrange the correlation as
Corr = % (149)

1) '
Vi + =Py + o)

Direct differentiation shows that (e* — 1)? /(¥ — 1) is a strictly increasing function of x.
Thus, Corr decreases with the amount of firm-specific information processed by the
investor.

Appendix D. Numerical illustration of relation between return variance and information

In Section 5.1, we discuss the relation between return variance and the amount of
information processed by the investor about a certain fundamental factor. Part B of
Proposition 2 shows that, when the investor is sufficiently overconfident, the return
variance increases with the amount of processed information when it is below a threshold.
In this appendix, we illustrate this relation and the threshold using several numerical
examples.

According to Eq. (93), the return variance related to a factor is determined by the
factor’s fundamental variance multiplied by a function v(x, ¢), which captures the return
variance amplification caused by the investor’s overreaction to her information. x =
Ar.i0ix 1s the amount of information processed about the factor and ¢ is the investor’s
overconfidence parameter.

Fig. D.1 demonstrates a typical shape of the v function based on ¢ = 2 and a discount
rate r = 5%. v increases with the amount of information when it is below a threshold %,
which has a value of 0.521 in this example, and then becomes decreasing with the amount
of information when it passes above X. For the main part of our analysis, we restrict the
amount of information processed by the investor to be below the threshold level. Based on
Eqgs. (15) and (16), the economic interpretation of X corresponds to a threshold level in the
logarithmic reduction in the variance of the investor’s belief about the underlying
fundamental factor:

X = log(o—érior/aéosterior)' (150)
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Amount of Information

Fig. D.1. The relation between return variance amplification, v(x, ¢), and the amount of processed information,
x. In the figure, the investor’s overconfidence parameter ¢ is 2 and the interest rate r is 5%.

Table D.1

The threshold in amount of information

¢ X Ac?/a* (%)
Panel A. r =0

1.2 0.857 —57.6
1.4 0.751 —52.8
1.6 0.669 —48.8
1.8 0.603 —453
2.0 0.549 —42.2
2.2 0.504 -39.6
2.4 0.466 —37.2
Panel B. r = 5%

1.2 0.646 —47.6
1.4 0.657 —48.2
1.6 0.613 —45.8
1.8 0.565 —43.2
2.0 0.521 —40.6
2.2 0.483 —38.3
2.4 0.449 —36.2

The table provides the values of the threshold (¥) in the amount of information and the corresponding percentage
reduction in the variance of investor belief (Ag” /a?) for different values of the investor’s overconfidence parameter
(¢) and the discount rate (r).

A value of 0.521 represents a percentage reduction in the variance of investor belief by

2 2
Ac?g? = Tposerior — Torier _ v _ 1 _40,6%, (151)
g .
prior

which is a substantial amount to be achieved by individual investors’ learning processes.
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Table D.1 provides the values of the threshold (¥) and the corresponding percentage
reduction in the variance of investor belief (Ac?/c?) by varying the values of the investor’s
overconfidence parameter (¢) and the discount rate (r). Panel A shares a discount rate
r =0, and Panel B shares a discount rate r = 5%. For the investor’s overconfidence
parameter, we choose a wide range of values from 1.2 to 2.4. Doing so implies that the
investor exaggerates her information-processing ability by these multiples. Across all the
values, the threshold (X) stays between 0.449 and 0.857, and the corresponding reduction in
belief variance is between 36% and 58%. All the values are high for individual investors’
learning processes.

Also, the lower bound for the investor’s overconfidence parameter ¢ in Part B of
Proposition 2, inequality Eq. (47), is modest. For example, when the discount rate r = 5%,
the lower bound of ¢ corresponds to a value of 1.049.
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